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Abstract
The paper discusses the problem of hedging not perfectly replicable contingent
claims by using a benchmark, the num eraire portfolio, as reference unit. The
proposed concept of benchmarked risk minimization generalizes classical risk
minimization, pioneered by F ollmer, Sondermann and Schweizer. The latter re-
lies on a quadratic criterion, requesting the square integrability of contingent
claims and the existence of an equivalent risk neutral probability measure. The
proposed concept of benchmarked risk minimization avoids these restrictive as-
sumptions. It employs the real world probability measure as pricing measure
and identies the minimal possible price for the hedgable part of a contingent
claim. Furthermore, the resulting benchmarked prot and loss is only driven
by nontraded uncertainty and forms a martingale that starts at zero. Bench-
marked prot and losses, when pooled and suciently independent, become in
total negligible. This property is highly desirable from a risk management point
of view. It is making asymptotically benchmarked risk minimization the least
expensive method for pricing and hedging for an increasing number of not fully
replicable benchmarked contingent claims.
JEL Classication: G10, G13
1991 Mathematics Subject Classi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11 Introduction
The pricing and hedging of not fully replicable contingent claims has been a challenging
task. In the pioneering work of F ollmer and Sondermann (1986) a quadratic approach
has been introduced to pricing and hedging in incomplete markets. In such markets,
strategies that aim to replicate a contingent claim generate usually a uctuating prot
and loss process. The quadratic approach of F ollmer and Sondermann (1986), further
developed in F ollmer and Schweizer (1989) and Schweizer (1991, 2001), minimizes
uctuations of the discounted prot and loss process by using a quadratic criterion for
its value process under an assumed risk neutral probability measure. In principle, it
introduces an account, which monitors the adapted inow and outow of capital to
and from the hedge portfolio, respectively. The resulting discounted prot and loss
process forms a martingale under the assumed risk neutral probability measure and its
driving noise process is strongly orthogonal to those of all traded assets, see Schweizer
(2001). This provides an intuitively appealing and practically feasible methodology
for pricing and hedging of not perfectly replicable contingent claims. Despite the
appealing properties of classical risk minimization, it creates some asymmetries among
primary securities by using the domestic savings account as num eraire, and making
the restrictive assumption on the existence of a corresponding risk neutral probability
measure. Additionally, certain second moment properties have to be assumed when
working under the mentioned quadratic criterion.
There has been a growing literature that pays attention to models that allow
\anomalies" that cannot be modeled under the classical no-arbitrage theory. For
instance, an equivalent risk neutral probability measure may not exist in such models
as considered in Bruti-Liberati et al. (2010), Christensen and Larsen (2007), Delbaen
and Schachermayer (1995), Hulley (2010), Karatzas and Kardaras (2007), Loewenstein
and Willard (2000), Platen (2002) and Platen and Heath (2010), or those where a,
so called, bubble may occur, see e.g. Cox and Hobson (2005), Heston et al. (2007),
Jarrow et al. (2006, 2010). A more general framework for pricing and hedging that
can handle such anomalies is provided by the benchmark approach, proposed in Platen
(2002, 2006) and Platen and Heath (2010). Here, the asset price is modelled under
the real-world probability measure and the corresponding num eraire is the num eraire
portfolio (NP), which, for instance, in a jump diusion market equals the growth op-
timal portfolio, see Platen and Heath (2010). This portfolio was originally studied by
Kelly (1956) and maximizes expected log-utility. When the NP is taken as num eraire,
pricing can be conveniently performed under the real world probability measure, see
Long (1990), Platen (2002) and Platen and Heath (2010). Consequently, under the
benchmark approach a change of probability measure and the existence of an equiv-
alent risk neutral probability measure are not required, which makes this approach
more general than the classical risk neutral approach. For particular cases the hedging
of contingent claims under the benchmark approach is studied in Heath and Platen
(2004) and Platen and Heath (2010). However, a general methodology for pricing and
hedging of not fully replicable contingent claims under the benchmark approach has
2been still missing.
The current paper provides such a methodology. It merges the classical risk neutral
risk minimization approach of F ollmer-Sondermann-Schweizer and the benchmark ap-
proach. Second moment conditions are no longer required. The resulting pricing rule
will be that of real world pricing with the num eraire portfolio as num eraire and the
real world probability measure as pricing measure. The minimal possible price for the
hedgable part of a contingent claim will be obtained, and the remaining benchmarked
unhedgable part, which generates the benchmarked prot and loss, forms a martin-
gale. This martingale starts at zero and is only driven by nontraded uncertainty.
Benchmarked prot and losses, when pooled and suciently independent, become,
when increasing in number, in total asymptotically negligible. In the following, the
proposed concept of benchmarked risk minimization will be demonstrated for not fully
replicable contingent claims in jump diusion markets. An equivalent risk neutral
probability measure is not required, which opens a much wider modeling world than
available under classical approaches.
2 Financial Market
Within this paper we model jump diusion nancial markets in the setting of contin-
uous time nance as pioneered in Merton (1973). Consider a ltered probability space
(
;A; A;P) that satises the usual conditions, as described in Karatzas and Shreve
(1991) or Protter (2005). Here, the sigma eld At represents the information available
at time t 2 [0;1). The ltration A = (At)t2[0;1) describes the evolution of market
information over time. P denotes the real world probability measure. In our jump dif-
fusion market the continuous uncertainty is expressed by m0 2 N independent standard
Wiener processes f W k = ff W k
t ;t 2 [0;1)g, k 2 f1;:::;m0g, dened on (
;A;A;P).
The uncertainty for the kth type of events is modeled by an independent Poisson type
counting process pk = fpk
t;t 2 [0;1)g, whose intensity hk = fhk
t;t 2 [0;1)g is a given
predictable, strictly positive process with hk





sds < 1 (2.1)
P-a.s. for all t 2 [0;1) and k 2 f1;2;:::;d0 m0g with d0 2 fm0;m0+1;:::g. The kth
counting process generates the kth normalized jump martingale qk = fqk













for k 2 f1;2;:::;d0   m0g and t 2 [0;1). The normalization in (2.2), involving the
square root of the intensity, generates over time comparable uctuations for continuous
and event driven uncertainties. Obviously, the quadratic variation of the kth Wiener
process f W k;k 2 f1;2;:::;m0g, equals time, that is, [f W k]t = t = E([f W k]t). The kth











for t 2 [0;1) and, thus, the rst moment E([qk]t) = t, similar to f W k. It is assumed
that the above normalized jump martingales do not jump at the same time.
The evolution of traded uncertainty is modeled by the vector process of independent
(A;P)-martingales W = fWt = (W 1
t ;:::;W d
t )> = (f W 1




t )>; t 2
[0;1)g, for m  m0 and d  d0. Note that only a subset of martingales is modeling
traded uncertainties. There can be also nontraded uncertainties present in the market,
which are modeled by the remaining Wiener processes and jump martingales.
This paper makes, without any real loss of generality, the following key assumption,
which reects a natural symmetry among primary security accounts:
Assumption 2.1. There exist d +1 primary security accounts. The time t value S
i;j
t
of the jth primary security account, when denominated in units of the ith security,



















for t 2 [0;1) with S
i;j




















































2 for k 2 fm + 1;:::;dg (2.6)
for all i;j 2 f1;2;:::;d + 1g, k 2 f1;:::;dg and t 2 [0;1). The market price of risk
processes j;k = f
j;k
t ;t 2 [0;1)g, j 2 f1;2;:::;d + 1g, k 2 f1;:::;dg, are assumed to








for all k 2 fm + 1;:::;dg, j 2 f1;2;:::;d + 1g and t 2 [0;1), almost surely. Denote











t for k 2 f1;:::;dg
1 for k = d + 1 ;
(2.8)
and assume t to be invertible for Lebesgue-almost-every t 2 [0;1). Finally, the jth
short rate process rj = frj;t 2 [0;1)g is assumed to be an adapted process, for all
j 2 f1;:::;d + 1g.
4Note that under the above assumption no denomination in units of any primary
security account or currency gets any preference. This is dierent to classical model-
ing, which focuses on modeling securities when denominated in units of the domestic
currency or domestic savings account. In the resulting jump diusion market the
d + 1 primary security accounts can represent cum-dividend stocks, savings accounts
of currencies or commodity accounts. All dividends, interests, costs or earnings are
reinvested.
The invertibility of the matrix t is the key structural condition of the given
jump diusion market. Together with the important condition (2.7), which bounds
the market price of event driven risk by the square root of the jump intensity, it will
ensure that strictly positive portfolios never explode. The jth primary security account
S
j;j
t at time t is denominated in units of the jth security itself. It follows the dynamics













for all t 2 [0;1), with initial value S
j;j
0 > 0, j 2 f1;:::;d + 1g. Here the adapted
jth short rate process rj = fr
j
t;t 2 [0;1)g models the dividend rate in the case of a
stock, the interest rate in the case of a currency and the convenience yield in the case
of a commodity.
In the given jump diusion market the market participants can combine primary
security accounts to form portfolios. Let 
j
t, j 2 f1;:::;d + 1g, denote the number
of units of the jth primary security account that are held at time t 2 [0;1) in a
corresponding portfolio. When denominated in units of the ith security this portfolio
is denoted by the process Si; = fS
i;











for t 2 [0;1), i 2 f1;:::;d + 1g.
If changes in the value of a portfolio are only due to changes in the primary security
accounts, this means no extra funds ow in or out of the portfolio, then the portfolio
is nancing itself. To formalize this important notion let us introduce the following
denition:
























2ds < 1 (2.12)
5P-a.s. for all i;j 2 f1;:::;d + 1g, k 2 f1;:::;dg and t 2 [0;1), and the time t value
S
i;















for all t 2 [0;1) and i 2 f1;:::;d + 1g.













of wealth of a strictly positive portfolio S
i;
t that is invested at time t in the jth
primary security account S
i;j
t , t 2 [0;1), i;j 2 f1;:::;d+1g. Note that the choice of
the denomination does not aect the value of the fraction. Furthermore, the fractions





;t = 1 (2.15)
for all t 2 [0;1).
Applying the SDE (2.4) to a strict positive portfolio with self-nancing strategy 



















































for all t 2 [0;1) and i 2 f1;:::;d + 1g.
The central building block of the benchmark approach is the num eraire portfolio
(NP), see Long (1990) and Becherer (2001), which is used as benchmark in Platen
(2002, 2006) and Platen and Heath (2010). A price process is called benchmarked
when it is denominated in units of the NP, which we dene as follows:
Denition 2.3. The NP is the strictly positive, self-nancing portfolio that when
used as benchmark makes all benchmarked nonnegative self-nancing portfolios (A;P)-
supermartingales.
In the sense of Denition 2.3, the NP is the \best" performing strictly positive,
self-nancing portfolio. The Assumption 2.1 ensures that its candidate exists in the
sense that it always remains nite and does not explode, almost surely. For the given
jump diusion market the following result presents the SDE of the NP in dierent
denominations.
6Proposition 2.4. The value S
i;
t of the NP at time t, when denominated in units of















































with  = (0;:::;0;1)> for t 2 [0;1).
The proof of this proposition is given in Appendix A.
Note that it is straightforward to show that the NP is the growth optimal portfolio,
which maximizes expected logarithmic utility, see Platen and Heath (2010).
3 Dynamic Trading Strategies
From now on let us focus on benchmarked quantities, that is, quantities denominated










shown to form a nonnegative (A;P)-local martingale and, thus, a supermartingale. see
Platen and Heath (2010). It is worthwhile to note that the NP, when benchmarked,
is trivially described by the constant value one.
As shown in Platen (2005) and Platen and Rendek (2011), the NP can be approx-
imated by a well diversied portfolio. Therefore, assume that one can take positions
in a proxy of the NP, which means, in practice, that one can be long or short units of
the NP.
Denote by [^ S] = f[^ S]t = ([^ Si; ^ Sj]t)
d+1
i;j=1;t 2 [0;1)g the matrix valued optional
covariance process, see Protter (2005), of the vector process of benchmarked primary
security accounts ^ S = f^ St = (^ S1
t;:::; ^ S
d+1
t );t 2 [0;1)g. Crucial for risk management
is the application of dynamic trading strategies. It is obvious that not all thinkable
strategies can be allowed. Let L1(At;P) denote the set of At-measurable random
variables with nite rst moment, t 2 [0;1). It is sensible to focus on strategies,
which acknowledge the fact that the NP is the best performing portfolio in the sense
that they generate benchmarked price processes which form supermartingales.
Denition 3.1. A dynamic trading strategy v, initiated at time t = 0, is an Rd+2-
valued stochastic process v = fvt = (t;#1
t;:::;#
d+1
t )>;t 2 [0;1)g, where its subvector
process # = f#t = (#1
t;:::; #
d+1
t )>;t 2 [0;1)g describes the number of units in-




7the benchmarked self-nancing part #
>
t ^ St of a corresponding benchmarked price process
^ V v = f^ V v




t ^ St + t (3.1)






ud[^ S]u#u < 1 (3.2)
P-a.s. for all t 2 [0;1). The adapted, real valued process  = ft;t 2 [0;1)g with
0 = 0 monitors the benchmarked non-self-nancing part of the right continuous price
process ^ V v, which then satises the SDE
^ V v






s d^ Ss + t : (3.3)
for t 2 [0;1). Here ^ V v is assumed to be integrable, that is, ^ V v
t 2 L1(At;P) for all
t 2 [0;1).
With the above type of dynamic trading strategy one can generate a wide range
of benchmarked price processes. The component #
j
t, j 2 f1;:::;d + 1g, denotes the
predictable number of units of the jth primary security account that are held at time
t 2 [0;1) in the self-nancing part of the portfolio. The component t represents the
adapted number of units of the NP that are additionally needed at time t to obtain
the benchmarked price ^ V v
t . Consequently, the number t of units of the NP monitors
for the above dynamic trading strategy the benchmarked value of its non-self-nancing
part.
The benchmarked gains from trade during the time interval [0;t], t 2 [0;1), from
holding #j
s units of the jth primary security account, j 2 f1;:::;d + 1g, at time








We emphasize that a dynamic trading strategy generates via its self-nancing part
benchmarked gains from trade in a manner that does not require outside funds and
also does not generate extra funds. In general, capital has to be added or removed
from a respective portfolio to match with its value at a given time t the desired price
^ V v
t . However, we will see that for many risk management tasks it is enough to monitor
the units of the NP needed to be added or removed to match the desired price process
without requiring physically to hold these units in reality.
At this stage, for a given price process a corresponding dynamic trading strategy is
still exposed to some ambiguity concerning what forms its self-nancing part and what
constitutes its non-self-nancing part. This ambiguity will be naturally removed when
8performing hedging in the least expensive manner with asymptotically vanishing total
benchmarked prot and loss for increasing number of suciently dierent benchmarked
contingent claims.
The predictability of the integrand in the benchmarked gains from trade (3.4)
expresses the real informational constraint that the allocation expressed in #j is not
allowed to anticipate the movements of ^ Sj. This predictability is also theoretically
needed for the integrand in (3.4) to yield a proper It^ o integral with respect to the jth
benchmarked primary security account process. The gains from holding t units of
the benchmarked NP at time t do not require any predictability of the process  since
integration with respect to a constant does not require predictability of the integrand.
Therefore, t can be allowed to evolve in an adapted manner, which is less restrictive
than the predictability required for the process #. This is an essential feature of the
methodology that will be proposed below. The investor can monitor the adapted
\virtual" capital inow and outow from the respective portfolio as it theoretically
results from targeting a particular price process. In previous work by F ollmer and
Sondermann (1986) and Schweizer (2001), a similar adapted process was employed
for describing the holdings in their num eraire, the domestic savings account. Their
choice of num eraire created some asymmetry among primary security accounts. The
dynamic trading strategies introduced in Denition 3.1 resolve the asymmetry issue
by monitoring units of the NP when measuring the inow and outow of capital. This
choice brings all primary security accounts into comparable positions.
Note, when there is no inow or outow of capital in a dynamic trading strategy,
then one deals with a self-nancing strategy, as described in Denition 2.2. More
generally, when including extra capital inows and outows, one obtains directly from
Denition 3.1 the following result:
Corollary 3.2. For a dynamic trading strategy v with benchmarked price process ^ V v
the corresponding benchmarked portfolio value at time t has the form
^ V v



























for j 2 f1;:::;d + 1g and t 2 [0;1), with ;t given in (2.18) and 
j
;t denoting at
time t the number of units of the jth primary security account forming the NP.
Note that the number 
j
t of units of the jth primary security account, j 2 f1;:::;d+
1g, requested in the price process ^ V v, is in general not predictable and only adapted
9since t is only adapted. This represents a slight dierence to classical risk minimizing
strategies. Under classical risk minimization the dynamic trading strategies of, say, a
US investor, in general, would request measurability properties dierent to those of a
European investor. For the strategies introduced in Denition 3.1 it does not matter
in which currency a market participant keeps its trading book.
4 Real World Pricing
The main aim of hedging is the delivery of a given payo via some dynamic trading
strategy.
Denition 4.1. A benchmarked contingent claim ^ HT, delivered at a stopping time
T, is an AT-measurable, nonnegative random payo, denominated in units of the NP,
which is integrable, that is, ^ HT 2 L1(AT;P).
Note that one can decompose a general payo into a nonnegative and a negative
part. Consequently, it is no real restriction when considering in Denition 4.1 only
nonnegative payos.
Denition 4.2. A dynamic trading strategy v, initiated at time zero, with correspond-
ing benchmarked portfolio ^ S, see (3.5), delivers a given benchmarked contingent claim
^ HT if
^ V v
T = ^ S

T = ^ HT (4.1)
P-a.s.. A benchmarked contingent claim is called replicable if there exists a self-
nancing dynamic trading strategy that delivers the claim.
Under the benchmark approach, there may exist several self-nancing portfo-
lios that replicate one and the same contingent claim. All self-nancing, nonneg-
ative benchmarked portfolios are, by Denition 2.3 and Proposition 2.4, (A;P)-
supermartingales. By the fact that the minimal nonnegative supermartingale, which
replicates a given replicable benchmarked contingent claim, is the respective martin-
gale, see Revuz and Yor (1999), one obtains directly the following result:
Proposition 4.3. The least expensive replication of a given replicable benchmarked
contingent claim ^ HT by a self-nancing benchmarked portfolio is obtained by the mar-
tingale satisfying the real world pricing formula
^ S
 ^ HT
t = E( ^ HTjAt) (4.2)
for all t 2 [0;T] P-a.s.
Note that real world pricing according to (4.2) provides for replicable contingent
claims the minimal possible price. In general, a benchmarked contingent claim is not
10fully replicable in the sense that there does not exist a self-nancing strategy that
delivers the claim. We will see in Section 6 that the real world pricing formula makes
sense also for not fully replicable benchmarked contingent claims. When hedging such
a claim, a benchmarked hedge error arises after the initiation of the hedge portfolio.
The following notion allows to quantify this hedge error.
Denition 4.4. For a dynamic trading strategy v, initiated at time zero and which








the corresponding benchmarked prot and loss (P&L) process ^ C = f ^ C
t;t 2 [0;1)g
is dened as benchmarked price, minus benchmarked gains from trade from the self-















u   ^ S

0 (4.3)
for t 2 [0;1).
One obtains directly from Denition 4.4 and Denition 3.1 the following statement:
Corollary 4.5. For a dynamic trading strategy v, initiated at time t = 0, the corre-
sponding benchmarked P&L process ^ C = f ^ C
t;t 2 [0;1)g coincides with the adapted
process  = ft;t 2 [0;1)g that monitors the inow and outow of capital.
Obviously, a dynamic trading strategy, which generates a self-nancing bench-
marked portfolio, has zero benchmarked P&L. For simplicity, in the current paper the
benchmarked P&L ^ C
t for a given benchmarked hedge portfolio ^ S
t is set up at the
initial time t = 0. Therefore, it has initial value ^ C
0 = 0 and monitors at time t with
^ C
t = t the adapted accumulated benchmarked capital that ew in or out of the hedge
portfolio until this time. In other words, ^ C
t represents the total benchmarked costs
incurred by the hedge portfolio ^ S over the time period [0;t] after the hedge was set up
at time zero. The adapted process  can be interpreted as benchmarked hedge error.
If one tries to hedge a general benchmarked contingent claim, one faces usually
a uctuating benchmarked P&L process and, thus, an intrinsic risk which needs to
be controlled. For implementing systematically such a control one can introduce a
criterion to obtain a desirable outcome. The question is, what criterion would be most
natural? We observe that in the case when benchmarked P&Ls are independent square
integrable martingales and pooled in a large trading book with increasing number of
claims, then, by the Law of Large Numbers, the resulting total benchmarked P&L
will become asymptotically negligible. In this case the benchmarked nonhedgable part
of the trading book vanishes asymptotically. This indicates that benchmarked P&L
should preferably form a martingale to end up asymptotically with a vanishing total
hedge error for large diversied trading books. We will formalize this observation
in the next section. In the above case the resulting strategy is in the mean self-
nancing, which turns out to be a useful notion that was introduced in Schweizer
11(1991) when using the savings account as num eraire and employing a risk neutral
probability measure for taking expectations. We have now a dierent setting under the
benchmark approach, where we use the NP as num eraire and the real world probability
measure for taking expectations. This leads to the following notion:
Denition 4.6. A dynamic trading strategy v, initiated at time zero, is called real-
world mean-self-nancing if its adapted process  forms an (A;P)-martingale.
We will see that this notion is rather useful. It maintains a symmetric view with
respect to all primary security accounts, including the domestic savings account, and
avoids the restrictive use of an equivalent risk neutral probability measure.
5 Benchmarked Risk Minimization
It is not immediately obvious how to price and hedge a general benchmarked contin-
gent claim according to the observations made above. There exist many ways to hedge
a not fully replicable contingent claim, and a wide range of literature has emerged. An
intuitively appealing and practically useful concept is the already mentioned classical
risk minimization, pioneered by F ollmer and Sondermann (1986) and further devel-
oped in F ollmer and Schweizer (1989) and Schweizer (1991, 1995). One can nd an
excellent survey about this important area of research in Schweizer (2001). Under
classical risk minimization the hedging strategy is generated by a savings account dis-
counted portfolio that is a square integrable martingale under an assumed equivalent
risk neutral probability measure. The uctuations of discounted P&L processes are
measured by employing a quadratic criterion on discounted price processes, where a
\good" strategy turns out to be mean self-nancing under the assumed risk neutral
measure.
Most importantly, F ollmer and Sondermann (1986) and Schweizer (1991, 1995)
linked the optimization problem of risk minimization to the well-known Kunita-
Watanabe decomposition, see Schweizer (2001). This decomposition became known as
F ollmer-Schweizer decomposition in the context of pricing and hedging in incomplete
markets when assuming a risk neutral probability measure. The F ollmer-Schweizer
decomposition has been extensively studied by several authors in the literature. Con-
ditions for its existence have, for instance, been given in Buckdahn (1993), Schweizer
(1994), Stricker (1996), Delbaen et al. (1997) and Pham et al. (1998).
Schweizer (1991, 1995) introduced the interesting concept of local risk minimiza-
tion, which employs, in some sense, locally in time a quadratic criterion, see Schweizer
(2001). Other authors, including Biagini et al. (1999), generalized the concept of local
risk minimization to some markets with event risk. Bouleau and Lamberton (1989)
derived a pricing and hedging methodology for Markovian asset price processes under a
quadratic criterion that is related to local risk minimization. Further results in similar
directions can be found, for instance, in Due and Richardson (1991) and Schweizer
(1994).
12The current paper proposes a pricing and hedging concept in the spirit of classical
risk minimization by avoiding to require the existence of an equivalent risk neutral
probability measure. It aims for minimal expenses and symmetry with respect to pri-
mary security accounts including the domestic savings account. Square integrability
properties of contingent claims will be avoided. The proposed concept will allow the
handling of more general nancial market models and more general contingent claims
than feasible under classical risk minimization. What is required is only the super-
martingale property of benchmarked primary security accounts. The supermartingale
property is simply a manifestation of the fact that the NP is in that sense the \best"
performing portfolio. Therefore, it is a very weak assumption. In the richer model-
ing world that becomes available, there may exist several self-nancing portfolios that
hedge perfectly the same contingent claim. Benchmarked primary security accounts
will be allowed to form strict supermartingales, which is not possible under the classical
paradigm, see e.g. Platen and Heath (2010).
Since there may exist several nonnegative benchmarked hedge portfolios that de-
liver a given benchmarked contingent claim, it is sensible to identify the most econom-
ical benchmarked price process. Naturally this is the least expensive possible price
process. Furthermore, benchmarked nonnegative price processes that are reasonable
in the given framework should be consistent with the fact that the NP is the \best"
performing portfolio, in the sense that they form supermartingales. Finally, it will
be required that all tradeable uncertainty shall be hedged and the benchmarked P&L
should only be driven by nontraded uncertainty and should form a martingale. To
formalize the above indicated desirable properties for a given benchmarked contingent
claim ^ HT 2 L1(AT;P), let us introduce the set V ^ HT of dynamic trading strategies v,
initiated at time zero, with corresponding benchmarked price ^ V v
t = ^ S
t, t 2 [0;T], given
in (3.5)-(3.7), which delivers ^ HT, forms a nonnegative (A;P)-supermartingale, and for
which the corresponding benchmarked P&L processes ^ C is an (A;P)-martingale.
Denition 5.1. For a given benchmarked contingent claim ^ HT 2 L1(AT;P), a dy-
namic trading strategy e v 2 V ^ HT with corresponding benchmarked price process ^ V v = ^ S
e 
is called benchmarked risk minimizing (BRM) if for all dynamic trading strategies
v 2 V ^ HT with ^ S
t given in (3.5):
(i) the price ^ S
e 




t  ^ S

t (5.1)
P-a.s. for all t 2 [0;T], and
(ii) the benchmarked P&L process ^ C
e  is only driven by nontraded uncertainty.
Similar as in Section 4 one notes that the martingale among the nonnegative super-
martingales, which deliver the given benchmarked contingent claim, yields the minimal
benchmarked price process, see Revuz and Yor (1999). Consequently, the real-world
13mean self-nancing strategy minimizes the price process, as required by (5.1). There-
fore, we have directly the following result:
Corollary 5.2. For a given benchmarked contingent claim ^ HT 2 L1(AT;P), a BRM
dynamic trading strategy is real-world mean self-nancing, that is,
^ S

t = E( ^ HTjAt) (5.2)
for t 2 [0;T].
This is an intuitive and practically useful result. It extends the real-world pricing
formula (4.2) to the case of not fully replicable benchmarked contingent claims. The
benchmarked price process does not depend on the time when the hedge is initiated.
However, the benchmarked P&L depends on this inception time. To obtain (5.2) it was
not necessary assuming that the benchmarked P&L is a martingale and only driven
by nontraded uncertainty. These two properties are needed to obtain, in the case of
an increasing diversied trading book, an asymptotically vanishing total hedge error,
as will be discussed in the next section.
The benchmarked P&L process collects only the unavoidable hedge errors because
it is driven only by nontraded uncertainty. In this sense the \benchmarked risk" is
minimized. This risk can be quantied, for instance, via the quadratic variation of the
benchmarked P&L process, which appears in a corresponding martingale representa-
tion, as will be discussed in the next section.
6 Benchmarked Martingale Representation
To utilize the BRM strategy eciently for hedging in practice, it will be convenient
to have for a given benchmarked contingent claim a corresponding martingale rep-
resentation under the real world probability measure. Such representation would be
analogous to the previously mentioned F ollmer-Schweizer decomposition, but now it
should be a martingale representation under the real world probability measure.
Unfortunately, martingale representations cannot be easily mathematically guar-
anteed in a general manner. However, they exist for most integrable benchmarked
contingent claims for practically relevant models. Since a martingale representation
of a benchmarked contingent claim is crucial for ecient hedging, this paper uses the
following notion:
Denition 6.1. A benchmarked contingent claim ^ HT 2 L1(AT;P) is called regular if
it has a martingale representation of the form










P-a.s. for some predictable vector process x = fxt = (x1
t;:::;xd0
t )>;t 2 [0;T]g, where
the d0 stochastic integrals in the sum on the right hand side of (6.1) form (A;P)-
martingales.
14In the martingale representation (6.1), the (A;P)-Wiener processes W 1 =
f W 1;:::;W m = f W m model the traded continuous uncertainty, and the Wiener pro-
cesses W d+1 = f W m+1;:::;W d+m0 m = f W m0 the nontraded continuous uncertainty.
Furthermore, the normalized jump martingales W m+1 = q1;:::;W d = qd m model
the traded event driven uncertainty, and W d+m0 m+1 = qd m+1;:::;W d0 = qd0 m0 the
nontraded event driven uncertainty. It will be demonstrated in the next section that
by employing Markovian factor models one obtains automatically the regularity of
integrable benchmarked contingent claims in a jump diusion market.
We prove in Appendix B the following result:
Theorem 6.2. A regular benchmarked contingent claim ^ HT 2 L1(AT;P) has a BRM
strategy v = fvt = (t;#1
t;:::;#
d+1
t )>;t 2 [0;T]g 2 V ^ HT with corresponding replicating
benchmarked portfolio process ^ S = ^ V v, see (3.5-3.7), such that ^ S
T = ^ HT P-a.s. The
benchmarked price at time t 2 [0;T] is determined by the real world pricing formula
^ S

t = ^ V v
t = E( ^ HTjAt) ; (6.2)
yielding in the set V ^ HT the minimal possible price process. The resulting benchmarked
P&L is a martingale with
^ C

t = t : (6.3)






s d^ Ss forms an (A;P)-local martingale for every predictable self-nancing strat-
egy # = f#t = (#1
t;:::;#
d+1
t )>;t 2 [0;T]g satisfying (3.2). In terms of the martingale

























of the jth primary security account to be held in the self-nancing hedgable part of ^ HT,
j 2 f1;2;:::;d + 1g, t 2 [0;T].
The self-nancing hedgable part of the benchmarked price process ^ S
t has at time
t 2 [0;T] the benchmarked value








15and the vector of fractions t = (1
t;:::;
d+1




>e xt : (6.7)
This equation involves the inverse of the (d+1)(d+1) matrix t given in (2.8) and
























for k = d + 1
(6.8)
P-a.s. for t 2 [0;T].
The above theorem shows that under the assumption of the existence of a martin-
gale representation for a benchmarked contingent claim ^ HT, one obtains via bench-
marked risk minimization a unique minimal price process with real-world mean-self-
nancing hedging strategy, which generates a benchmarked P&L that forms a martin-
gale, driven only by nontraded uncertainty. Recall that the benchmarked price process
^ S forms itself a martingale. It has a self-nancing hedgable part that is a martingale.
Its unhedgable part is the benchmarked P&L. As a consequence, it is orthogonal to
any self-nancing portfolio in the sense that the product of such portfolio and the
benchmarked P&L satises an SDE which is driftless and, thus, a local martingale.
Note by (6.1)-(6.4) that hedging under a BRM strategy concentrates in its trading
activity on the benchmarked hedgable part and does not touch the benchmarked un-
hedgable part of the targeted benchmarked contingent claim. This key property makes
the uctuations and, thus, the \benchmarked risk" of the benchmarked P&L process
minimal in a natural way, simply by only collecting the nonhedgable uncertainty. If
one wishes to quantify the \benchmarked risk", then one could, for instance, use the
quadratic variation of the benchmarked P&L for this purpose, see e.g. (7.20) in a later
example. Obviously, this quantity is minimal for a BRM strategy because it collects
exactly the terms from the martingale representation that cannot be hedged.
BRM strategies do not request square integrability of benchmarked contingent
claims or benchmarked hedge portfolios, which is dierent to classical risk minimiza-
tion. Finally, BRM strategies can be applied in a much wider modeling world than
available under classical risk minimization. In particular, the existence of an equivalent
risk neutral probability measure is not required, permitting, for instance, models as
allowed in Karatzas and Kardaras (2007), Bruti-Liberati et al. (2010), Christensen and
Larsen (2007), Cox and Hobson (2005), Delbaen and Schachermayer (1995), Fernholz
and Karatzas (2009), Galesso and Runggaldier (2010), Heston et al. (2007), Hulley
(2010), Hulley and Schweizer (2010), Jarrow et al. (2006, 2010), Karatzas and Kar-
daras (2007), Kardaras (2010), Loewenstein and Willard (2000), Platen (2002, 2006),
Platen and Heath (2010), Platen and Runggaldier (2005, 2007) and Ruf (2011).
For the application of benchmarked risk minimization only the existence of the
NP and the existence of the martingale representation for the targeted benchmarked
contingent claim are required. It is straightforward to show in a continuous market
16by using the benchmarked savings account as Radon-Nikodym derivative that the
BRM strategy yields under the assumptions of classical risk minimization the same
price process and hedging strategy as obtained under classical risk minimization, in
particular, it is yielding pricing under the minimal equivalent martingale measure
introduced by Schweizer, see Schweizer (2001), if it exists.
It shall be mentioned that utility indierence pricing for not fully replicable bench-
marked contingent claims, in the sense of Davis (1997), yields also the real world
pricing formula, see Platen and Heath (2010), which is, therefore, consistent with
benchmarked risk minimization. Together with the capturing of classical risk neutral
pricing under suciently restrictive assumptions, as well as that of actuarial pricing,
see Platen and Heath (2010), this underlines the robust and general nature of the real
world pricing concept that naturally emerges above.
7 Regular Claims in a Markovian Market
For pricing and hedging it is not sucient to secure the existence of a martingale
representation for a given benchmarked contingent claim as described in Denition 6.1.
A martingale representation, as derived in Karatzas and Shreve (1991) for payos in
markets that are purely driven by Wiener processes, is theoretically valuable. However,
it does not solve the practical problem of identifying prices and deriving hedge ratios
since it is usually not readily exploitable for any computations. One needs the complete
quantitative description of a martingale representation to derive pricing functions and
hedging strategies and not just its existence.
Multi-factor Markovian market models appear to be naturally suited for providing
martingale representations with necessary quantitative details. The specic dynamics
of factor processes characterize the particular Markovian market model. Such models
can be obtained by assuming that market prices of risk, short rates and jump inten-
sities are functions of Markovian factors, which are solutions of a system of SDEs.
By application of the It^ o formula the mentioned nancial quantities become Marko-
vian solutions of corresponding SDEs. This is sucient to characterize for a given
benchmarked contingent claim via the real world pricing formula the corresponding
benchmarked pricing function. The martingale representation follows directly, which
allows to identify the price and hedge ratios.
The well-known Feynman-Kac formula links the conditional expectation in the real
world pricing formula (6.2) with a corresponding partial integro-dierential equation,
see e.g. Platen and Heath (2010). To be precise, let   denote an open, connected
subset of Rq, q 2 f1;2;:::g, and consider for t 2 [0;1) and x 2   a q-dimensional
factor process Xt;x = fXt;x






















17for s 2 [t;1) with value
X
t;x
t = x (7.2)
at time t 2 [0;1). Here a = (a1;:::;aq)>, bk = (b1;k;:::;bq;k)> for k 2 f1;:::;m0g,
and cj = (c1;j;:::;cq;j)> for j 2 f1;2;:::;d0 m0g, denote vector valued functions from
[0;1)    into Rq. These coecient functions are here assumed to be such that a
strong unique solution of the system of SDEs (7.1) exists, see Protter (2005). Assume
also that the factor process X0;x does not explode or leave   before a terminal time
horizon T 2 (0;1].
This type of Markovian jump diusion factor model allows one to cover a wide
range of market models, including pure diusion models, pure jump models, market
models with regime switching, and continuous time (hidden) Markov chain models.
We deliberately exclude here innite intensity L evy process driven models, and models
where jump sizes are not xed at certain levels since these types of models often do
not allow a convenient derivation of martingale representations for a broader range of
benchmarked contingent claims.
In this paper, the continuation region 	 is modeled as an open connected subset
of [0;T] . Typically, the factor processes can be designed such that the above type
of \rectangular" continuation region applies. Assume that the hedge will be set up at
the initial time t = 0. Dene the corresponding rst exit time 	 as
	 = inffs 2 [0;T] : (s;X
0;x
s ) = 2 	g; (7.3)
which is a stopping time. In the case when one has the time horizon T = 1 and the
pair (s;X0;x
s ) never leaves 	, then one sets by default 	 = 1. Note, by assuming that
one knows the early exercise boundary of a given American style option, the resulting
early exercise time becomes a rst exit time from a corresponding continuation region.
This means, one can cover a wide range of payos, including mixtures of European
style, American style and barrier type options using rst exit times.
Assume the benchmarked payo function ^ G : [0;T]    ! [0;1) for a payment
at the time 	. Meanwhile, consider a payo rate function ^ g : [0;T]    ! [0;1)
for incremental benchmarked payments per unit of time during the period (0;	), and
a discount rate (prot rate, fee or tax rate) function f : [0;T]    ! R. There is
substantial exibility in the specication of the above functions when dening payo
structures. Consider the following benchmarked payo structure


























Via the real world pricing formula (6.2), the benchmarked price u(t;X
0;x
t ) at time
t 2 [0;	] is then obtained as
u(t;X
0;x
t ) = E( ^ H	jAt); (7.5)
18assuming the conditional expectation to be nite. Note that by combining a nite
number of dierent payo structures of the type (7.4), each with dierent stopping
times, one can model rather complicated contracts.
Assume for the benchmarked pricing function u within 	 dierentiability with
respect to time and twice dierentiability with respect to the components of the state
variable of the factor process. After xing at the initial time the initial value of the
vector of factors by setting X
0;x
0 = x 2  , one can apply the It^ o formula to the








t ) + ^ g(t;X
0;x
























































































To satisfy the martingale property (7.5) for the benchmarked price, the benchmarked
pricing function needs to satisfy the partial integro-dierential equation
L
0u(t;x) + ^ g(t;x)   u(t;x)f(t;x) = 0 (7.6)
for all (t;x) 2 	 with boundary condition
u(t;x) = ^ G(t;x) (7.7)
for (t;x) 2 ((0;T)   ) n 	. This result links the conditional expectation (7.5) with
the partial integro-dierential equation (7.6)-(7.7), and represents the Feynman-Kac
formula, where details can be found e.g. in Platen and Heath (2010).
The application of the Feynman-Kac formula yields a unique martingale represen-
tation for the payo structure (7.4). By setting u(	;X0;x
	 ) = ^ H	 for u(	;X0;x
	 ) 2
((0;T)   )n	 one has for all t 2 [0;	] the decomposition













































for k 2 fm + 1;:::;dg [ fd + m0   m + 1;:::;mg and s 2 [t;	).
Recall, that this martingale representation includes traded and nontraded uncer-
tainty. By identifying for each source of traded uncertainty the corresponding number
of units of primary security accounts needed to express the hedgable part of the bench-
marked contingent claim, one determines the self-nancing strategy for hedging this
part of the martingale representation. By collecting in (7.8) all martingale terms that
are driven by nontraded uncertainty, one obtains the unhedgable part of the bench-
marked contingent claim, which equals its benchmarked P&L.
It is straightforward to apply BRM strategies for particular models. The pricing
and hedging of the hedgable part is exactly the same as described under real world
pricing in Platen and Heath (2010). The unhedgable part remains untouched. Conse-
quently, this part can be monitored via the benchmarked P&L.
7.1 Defaultable Bond
For illustration, consider the pricing and hedging of a defaultable zero coupon bond
with nontraded default risk. Denote by S
1;1
t the domestic savings account, and by S
1;
t
the NP in domestic currency denomination. The NP S
1;
t is here modeled under the
































. Here we set t = expftg for t 2 [0;1),  > 0,  > 0, S
1;
0 > 0.
The domestic savings account equals S
1;1









the benchmarked savings account ^ S1
t forms in this case a time transformed squared
Bessel process of dimension four, see Platen and Heath (2010). It is well known, see
Revuz and Yor (1999), that ^ S1
t forms a nonnegative strict local martingale and, thus,
a strict supermartingale. Therefore, the benchmarked savings account ^ S1
t and also







of the putative risk neutral measure
are not martingales. Consequently, an equivalent risk neutral probability measure
does not exist for this model, which prevents the application of classical risk neutral
20pricing. If one formally applies the risk neutral pricing rule, then one obtains the
\risk neutral" price P (t;T) = expf r1(T   t)g at time t 2 [0;T] for a \risk neutral"
(nondefaultable) zero coupon bond, paying one unit of the domestic currency at the
maturity date T 2 (0;1). On the other hand, the real world pricing formula (6.2)










































If the Radon-Nikodym derivative process  = ft;t  0g were an (A;P)-martingale,
then it would characterize the minimal equivalent martingale measure, which does not
change the pricing measure for nontraded uncertainty, see Schweizer (1995, 2001), and
real world pricing would result in the same derivative prices as risk neutral pricing.

















see Platen and Heath (2010), which makes the fair zero coupon bond P(t;T) less
expensive than the \risk neutral" zero coupon bond P (t;T). Note that the bench-
marked fair zero coupon bond is by denition a martingale and delivers the minimal
possible hedge portfolio, whereas the benchmarked \risk neutral" zero coupon bond
is here a strict supermartingale and, therefore, more expensive. We emphasize, both
portfolios have the same value at maturity and are self-nancing.
By avoiding square integrability assumptions when employing a BRM strategy, one
can still identify the minimal price for the contingent claim, which is also its fair or
real world price. It turns out that the second moment of the benchmarked payo
in (7.10) is innite, see formula (8.7.14) in Platen and Heath (2010). This makes it
impossible to employ here a quadratic objective function analogous as in classical risk
minimization, which requires square integrability.
To illustrate possible applications of benchmarked risk minimization further, let
us consider a defaultable zero coupon bond with payo structure (denominated in
domestic currency) HT =
Q
i;iT(1 ) and delivery at maturity T 2 (0;1). Here i
denotes the ith jump time of an independent Poisson process p1 with intensity h > 0
that counts the default times 1 < 2 < ::: < 1. Assume that at each default time
the fractional loss equals the constant  2 (0;1]. Due to the independence of p1 and
the domestic currency denomination of the NP S1;, the fair defaultable zero coupon
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21for t 2 [0;T] with H0 = 1, and
d^ S
1




















= ^ V (t; ^ S
1
t;Ht)
by the Feynman-Kac formula the martingale representation
^ HT = ^ U ^ HT(T) +  ^ HT(T): (7.15)
Here the self-nancing hedgable part of the benchmarked contingent claim has at time
t the form










with benchmarked defaultable zero coupon bond price
^ V (t; ^ S
1


























































Furthermore, the benchmarked P&L ^ C




t = t =  
Z t
0




s   hds) (7.19)
for t 2 [0;T], which is a martingale and driven by nontraded event risk. Note that
the product Mt = ^ C
t ^ S
 











22for predictable  1
t the SDE









which is driftless and, therefore, a local martingale. Thus ^ C
t is in the sense of Theorem
6.2 orthogonal to traded uncertainty.
We remark that the quadratic variation of the benchmarked P&L ^ C
t = t amounts
to
[C










One notes that the expectation of this quadratic variation is not nite because
^ V (t; ^ S1
t;Ht) is not square integrable. This makes clear that using a quadratic criterion
involving the square of the benchmarked P&L, similarly as in classical risk minimiza-
tion, would have failed here in quantifying a corresponding risk process. Benchmarked
risk minimization overcomes such problems. It can be widely applied for a rich world
of models and contingent claims.
8 Conclusion
This paper proposes the concept of benchmarked risk minimization for pricing and
hedging of not fully replicable contingent claims. It is still applicable when no equiv-
alent risk neutral probability measure exists and classical second moment conditions
for contingent claims fail. The naturally resulting real world pricing formula uses the
num eraire portfolio as benchmark or reference unit and chooses the real world prob-
ability measure as pricing measure. It provides the minimal possible price for the
hedgable part of a contingent claim, which becomes also the proposed price for the
claim. The benchmarked prot and loss forms a martingale that starts at zero when
the hedge is initiated and is driven by nontraded uncertainty. The proposed concept
of benchmarked risk minimization allows one to go beyond classical risk minimization,
as developed by F ollmer, Sondermann and Schweizer.
In a multi-factor Markovian jump diusion setting it is straightforward to construct
the martingale representation for a given benchmarked contingent claim. This allows
one to identify systematically the price and the components of the corresponding
benchmarked risk minimizing strategy. A wide range of contingent claims can be priced
and hedged for a rich world of models. Contingent claims and models that classical
risk minimization can handle can be treated under benchmarked risk minimization
plus many additional models and not fully replicable contingent claims.
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23Appendix A Proof of Proposition 2.4







t = 0 : (A.1)
By substituting the fractions, given by (2.18), into the SDE (2.16) one obtains by
(A.1) the SDE (2.17), which characterizes the dynamics of the self-nancing portfolio
S
i;
t when denominated in units of the ith security.












at time t, satises the SDE
d^ S
j










for t 2 [0;1) and j 2 f1;2;:::;d + 1g. Note that its structure is independent of the
original denomination, which was here in units of the ith security visible on the right
hand side of (A.2), i 2 f1;:::;d + 1g.











satises by application of the It^ o formula the SDE
d^ S























, which again does not depend on the choice of the original
denomination in units of the ith security, i 2 f1;:::;d + 1g.
It is important to realize that the SDE (A.5) is driftless. Therefore, ^ S forms an
(A;P)-local martingale, see Karatzas and Shreve (1991) or Platen and Heath (2010).
Since nonnegative local martingales are supermartingales, see Platen and Heath (2010),
the self-nancing portfolio given in (2.17) is by Denition 2.3 the NP. Obviously, it
can be constructed by choosing the fractions given in (2.18). 2
24Appendix B Proof of Theorem 6.2
As a result of Denition 6.1, a regular benchmarked payo ^ HT has a martingale rep-
resentation of the form (6.1). Consequently, there exists a replicating, benchmarked
portfolio process ^ S with dynamic trading strategy vt = (t;#1
t;:::;#
d+1




t = E( ^ HTjAt) = ^ U ^ HT(t) + t (B.1)
with benchmarked self-nancing part
^ U ^ HT(t) = #
>

























and  are (A;P)-martingales. The corresponding benchmarked P&L ^ C
t equals t
for all t 2 [0;T], which forms an (A;P)-martingale. Therefore, the dynamic trading
strategy v is real-world mean self-nancing. The SDE for the benchmarked P&L
^ C
 ^ HT
t = t (B.4)
can be obtained from (4.3), (B.1), (B.2) and (B.3) as
d ^ C
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for t 2 [0;T]. By substituting the SDE (2.6) for the benchmarked primary security























































for t 2 [0;T].
The aim is now to identify the dynamic trading strategy that makes ^ C orthogonal
to traded uncertainty. One observes that the second term in the sum on the right-hand
25side of equation (B.6) cannot be controlled by a hedger and is driven by nontraded
uncertainty. This means that it will remain untouched during the minimization and
will always be part of ^ C. When removing the tradable uncertainty from the bench-
marked P&L by making the rst sum on the right hand side of (B.6) to zero, it follows
that the corresponding value for #
j












t = 0 (B.7)
P-a.s. for all t 2 [0;T] and k 2 f1;:::;dg. This condition allows one to identify the
self-nancing strategy e vt = (0;#1
t;:::;#
d+1
t )> that hedges the self-nancing part










of the benchmarked portfolio ^ S. Since e v is self-nancing, it is sucient to determine




satisfying by (B.7), (2.14) and (2.15) the equation
















^ U ^ HT
(t) for k 2 f1;:::;dg
1
^ U ^ HT
(t) for k = d + 1
(B.10)
for all t 2 [0;T]. Here 
 1
t is the inverse of the (d+1)(d+1)-matrix t given in (2.8).













for j 2 f1;:::;d + 1g and t 2 [0;T].
Since the value at time t of the benchmarked portfolio ^ S
t is given in (B.1), the
appropriate number t of units to be held in the NP is determined by the equation
t = ^ S





for t 2 [0;T].
One notes by application of the It^ o formula that for every predictable, self-nancing










s d^ Ss ; (B.13)









t + f M

t d ^ C

t ; (B.14)
which shows that this product is an (A;P)-local martingale and, therefore, the bench-
marked P&L ^ C is orthogonal to the traded uncertainty in the sense of Theorem 6.2.
Finally, the benchmarked hedgable part ^ U ^ HT(T) of the benchmarked contingent
claim has from the perspective of the initial time, when the hedge is initiated, the
form










The minimal replicating self-nancing strategy for ^ U ^ HT(T) is given by #t, since the
resulting benchmarked nonnegative portfolio value ^ U ^ HT(t) = #
>
t ^ St at time t 2 [0;T]
forms a martingale and, thus, the minimal possible self-nancing supermartingale that
replicates ^ U ^ HT(T). Therefore,
^ S

t = E( ^ HTjAt) = E(^ U ^ HT(T)jAt) (B.16)
yields the minimal possible price for the benchmarked contingent claim ^ HT at time
t = [0;T]. Together with the other derived facts, this proves that the dynamic trading
strategy v is BRM in the sense of Denition 5.1. 2
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